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Numerical Analysis
Lecture One

¢ Introduction

The ultimate aim of the field of numerical analysis is to provide
convenient methods for obtaining useful solutions to mathematical
problems and for extracting useful information from available solutions
which are not expressed in tractable forms. Such problems may each be
formulated, for example, in terms of an algebraic or transcendental
equation, an ordinary or partial differential equation, or an integral

equation, or in terms of a set of such equations.

+» Numerical Solution of Linear Equations

A linear equation is one in which a variable only appears to the first
power in every terms of a given equation, thus a system of (m) linear
equations in (n) unknowns (x;) ,( j = 1,2,3,.....,n) can be represented as
follow:

}lzl a;jxj = by, i=1,2,...,m
Then the equations will be expanded as follow:

A11% + QX + o+ AgpXy = by

A11X1 + Qg% + -+ apXy = by

Am1X1 T QpaXy + -+ AnXn = by,
There are many methods to solve the linear equations such as:
1- Cramer's Rule
The basis for this method may be explained by considering the following
example of two nonhomogeneous equations:
el (2] =[5
2
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Then the variables (x;, x,) can be found as follow

_ |A4] _ |Az] i
x;= ﬁ ) Xq= ﬁ , Where (4,44, A,) are the matrices

1
[a11 a12] b a12]’[a11 by

, respectivell
Q12 Q2217 |b;  azyl’lag; bzz] P y

Ex./ use the Cramer's rule to solve the following equations

2x1 —3x, =5

Xy +x, =5

Sol:

a= i Tla=l Tha=f glanas=[]

Al =[2*1) - (1*=3)] > |4] =5
A1l =[(5%1) = (5% =3)] = [A;]| = 20
|42 = [(2%5) = (1%5)] = |42] =5

x"Mﬂ—ex'—zo
1= 4| 1= 5

=4

_ 4l
17 4

=1

2- Gauss's

_ 20
—)xl—?

For a general form (3*3) matrix shown

ai1 Q12 A13] [*1 b,

Az1 Gz Qo3| |X2| = |b,

dz1 Qzz 04zz] [X3 bs

where the matrix A with elements aij is assumed to be nonsingular.
Moreover, we assume that no a;;or b; is zero. (This is simply to maintain

complete generality.) It is clear from this representation that if a,; = az; =

2
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az, = 0, the solution to the whole system can be calculated immediately,
starting with
b3

x=
3 aszs

and working backward, in order, to x; .
In other words all the elements of the lowest triangle of the matrix (A)
must be equal to zeros.

EX,/ solve with Gauss elimination method

2x1 - 4‘x2 + x3 =2 ... R1
4x1+x2+2x3=6 ....... RZ
x1 + xz + 3x3 = O ....... R3
Sol:
2 —4 1] [*1 2
1 1 31 1x3 0
2 —4 1 2 1 -2 05 1
4 1 2: 6 |divideegq.oneon(2)—=(4 1 2 : 6
1 1 3 0 1 1 3 0
(R, — 4 * R3) and put the result in R; —
1 -2 0.5 1 ]
4 1 2 6 | (R, —4=R;)and putthe resultin R, —
0 -3 -10 6 |
1 -2 0.5 1 ] <
0 9 0 2 ?2 + R3) and put the result in R; —
0 -3 -10 6 |
1 -2 o5 1 . i
0 9 0 i 2 |- -10="ox==
0o 0 -10

O, =2- x,=

oIlN

2 -2 4 1
= X =24+ 05x—==1->x=1+(G+3)

S X4 = —
1 9

3
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3- Gauss-Jordan Elimination Method
This method is similar to the Gauss one except that the elements of the
upper and lower triangles of the matrix must be zeros, which means that

1 0 0
0 1 0
0 0 1

This method needs more effort than Gauss method but it is provides

direct results.

EX,/ solve the following system
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4

R,

1 0 -1 2.3 < 1 0 -1 2.3

0 1 -2: -01 (Z—Z)OH (26) -0 1 —-2: -0.1
0 0 26 —11.6 0 0 1 —0.44

2x; —4x, +6x3=5 ... Ry

x1+3x2_7x3=2 ....... Rz

7x1 + 5.X'2 + 9X3 =4 ... R3

Sol:

2 —4 61 [*%1 5

|7 5 9 1 1X3 4

(2 —4 6 5 X 1 -2 3 2.5
1 3 =7: 2 (71)—> 1 3 —=7: 2 |(R,—R,) putthe

(7 5 9 4 7 5 9 4

result in R, &(R; — 7R;) and put the result in R
1 -2 3 2.5 . 1 -2 3 2.5
0 5 —-10: -0.5 (?1) -|0 1 -2: =01
0 19 -12 -—-135 0 19 -—-12 -135

(2R, + Ry)and put the result in R; &(R3; — 19R,) and put the result in

(R; + Ry) and put the result in R, &(2R5 + R,) and put the result in R,
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1 0 -1 1.85
0O 1 0 : —-099
0 O 1 —0.44

This means that x; = 1.85, x, =—0.99,x3 =—0.44
Exa/ solve the following system

X1 —2x,+3x3=1 ... Ry
21 +x,+x3=7 ... R,
3x; +2x,—2x3=5 ... R;
Sol:

1 -2 1]1M* 1 1 -2 1 1
21 oaffal-fr]-lz 1oaes
3 2 =211x3 5 3 2 -2 5

(2R; — Ry)and put the result in R, &(3R; — R3) and put the result in R,

1 -2 3 1 . 1 -2 3 1
[o -5 5 —5]( 2)—>[0 1 —-1: 1

(=5)
0 -8 11 -2 0 -8 11 -2

(8Ry + R3)

1 -2 3 1],
0 1 -—-1: 1](?3)—>
0 0 3 6

and put the resultin R; —

1 -2 3 1

0 1 —-1: 1 |(R,+ R3)andputtheresultinR, —
[0 0 1 2
1 -2 3 1

0 1 0: 3 ]|(2R,+ Ry)andputtheresultin R, =
(0 0 1 2
(1 0 3 7]

0 1 0: 3 |(R;—3R3) andputtheresultinR; —
0 0 1 21
1 0 0 17

0 1 0: 3
0 0 1 2.

This means that x; =1, x, =3,x3 =2

5
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Ex,/ solve the following equations using Gauss-Jordan method

Xy —4x,+3x3=4 ... R,
3x; +2x,—x3=B ... R,
—5x;+x,+3x;=C ... R;
Sol:

ﬁ

A
B
5

1 -4 37[M* 1 0 O

3 2 =11 [*%]=10 1 0
-5 1 31 1x3 0 0 1

1 -4 3 1 0 O

3 2 —-1:0 1 0| (3R, —R,) and put the result in R,,

-5 1 3 0 0 1
(5R; + R3) and put the result in R; —

1 -4 3 1 0 O
-14 10 :3 1 0
-19 18 5 0 1

0 1
0
1 -4 3 1 0 0
0
0

(ﬁ R, — R3) and put the result in R; —

14 10 ; 3 1 0| R, >
o Bt 3o 31777
7 14 14

—4 3 1 0 0

0 -14 10:3 1 _07 (10R; — R;) and put the result in R,

0o 0 1 9 & =

1

— 1

(3R; — R;) and put the result in R, —

-23 -57 -21

1 —4 0 62 62 31
. —28 —126 —70|,R,
0 -14 0 : (—)
31 31 31 | ‘-14

0 0 1 13 -19 -7

s 62 62 31

-23 -57 -21
1 —4 0 62 62 31

en)
—_
o

1 31 31 | (4R +Ry)and putthe resultin Ry —

0O O 1 13 -19 -7
62 62 31

6
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715 1 7 15 1
1 0 0 62 62 31 x1 62 62 31 A
2 9 5 2 9 5 .
- —_— —_ - | X = |— —_ —_
0 1 0 1 31 a1 2 1 31 3 B| this mean
0 0 1 1z 15 71 sl (13 19 715
62 62 31 62 62 31

that

v =—A+2B-LC
62 = 62 31
2

x, = 2A+ 2 B-2C
31 31

=—A-—B-_C
62 31

4- Doolittle's Method

Before studying this method, it is important to learn how any square
matrix can be expressed as an upper and lower triangular ([A] = [L][U]),
so that

If [A] [X] = [B]then [L][U][X] = [B], assume that [Y] =[U][X]then
[L][Y] = [B]
How (u;;&L4;) can be chosen so that u;;L;; = aq4

_ Q12 _ a13 azq _ 431
Uiy = T U3 = &L21 == L3
11 Uiq

In general Ly = ui(ajk — ko Lisug)forj=k+1,..,n k=2
kk

Exs/ decompose the matrix [A] as[L][U]

8 —4 Lqiq 0411 U1z Ug3
A e 4. 6 ] [L21 L22 O 0 u22 u23

16 4 Ly; Liy, L33l O 0 U3z
Sol:

Let U1 = 4‘, Lll = 250 that u11L11 = 8

_ Q12 _ —4 —
Lijuyp 2 uyp = Z_’ Uy = 7" U, = —2

7
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__ Qi3
L1z = U3 = Lot - u
a21 4 a31
Lyjuqq = Ly = = Lyy ==—> Ly =1, Laquyq o Ly = - L3 =
Uq1 4 Uq1
% - L3 =4
Uz = M"uzzl’zz =8 Uy =28&L;, =4
22
4-(4-2)
L3y + LapUyy = A3y 2 Ly =———— > L3, =6
Lajuyz + Lyjuss = dgg
2—4 -1
Uz = =~ 7 Uz = —
U3zLgs = A33 — L3qUy3 — L3pUys > Ugzlz3 =3 —16 +3
- L33U33 = _10 i L33 = 5 &u33 = _2
8 —4 8 2 0 0 -2
This means that | 4 6 2 2 —0 5
16 4 3 4 6 5 0 -2

The Doolittle's method states that (L;; = 0)fOr (i = 1, 2,3, ...)

Or
a;; Q12 Q13 1 0 011411 U2 Ugs
A1 Qzp A3|=]|L,;, 1 0] 0 upy up;
a’31 a’32 a33 L31 L32 1 0 O u33
In this case

U1 = Aq1, U12 = Aq2, Ug3 = Aq3

a31
L,y =—=,L3; =
21 31 U-11 ’

Uy = Aoy — Lpy1a45 ,Up3 = a3 — Lyjugs

Uzz = azz — (L3quy3) — (L3aUz3)

__Qa3z—Lzquqy __Qa3z—Lzquqy
L32 - L32 -

Uz Qz2—Lz1a17

8
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Exe/ solve the following equations using Doolittle's method

2x1+xZ+2.X'3=1 ....... Rl
4x1 + 6x2 + 9X3 = 1 ....... RZ
12x2 + 18X3 =—6 ... R3

u11 U2 Ups
0 12 18 L31 L32 33

Upg = Ay > Uy =2, U5 = Qg D Uy =1, U3 =a93 > U3 =2

d21 _, _4 —
LZl_a LZl_E L21_2
11

a 0
L31=ﬁ_’L31=‘—’L31= 0
aqq 2

Upp = App — Lp1@1p 2 Upp = 6 —(2%1) D uy, = 4

__a3z—Lzquqy
L32

_)L32=3

Uz2
U3 = 9—(2%2) > uUy3 =5

Uzz = a3z — (L31uUy3) — (L3auUp3) = uzz = 18 — (0 x 2) — (3*5)

=3

2 1 2 1 0 01[2 1 2

[4 6 9] [2 1 oflo 4 5]

o 12 18] lo 3 1llo o 3
Since [A] [X] = [B] — [L][U][X] = [L][Y] = [B]
1.0 0 1 0 0] 1
[2 1 O][Y]=[B]—>2 1 o] )’2]= 1
0 3 1 o 3 1l l-6

“yi=1L2y1+y;=1- ¥, =-1&3y; + y3 = -6 > y; = -3
2 1 2
Then [U][X]=[Y]—- |0 4 5

X1 1
X2 -1
0 0 31Lx3 -3

23x3==-3-x3=-1,4y,+5y; =—-1- x, =1&

9
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2x1+ x,+2x3=1-> x; =1-[X] =

5- Crout's Method
It is the same as Doolittle's method except that [L] is required to have
main diagonal of unity.

Ex,/ solve the equations using Doolittle's method

2x1+3x2+X3=1 ....... R]_

_2x1 + 2x2 + 4X3 == 1 ....... Rz

x1 + 3x2 + 8x3 == _6 ....... R3

Sol:

First using Doolittle's method
2 31 U1 U2 Uz

[—2 2 4 [L21 ] [ uzz uzs]
1 3 8 L3; Ljp U33

Upg = Ay > Uy =2, U5 = Qg D Upp =3, U3 =93 P U3 =1

az -2
Ly = ws —= = Ly -5 Ly =—1

_ 931 _1 1
L31—u11—>L31—2_>L31— >
Uy = Qpp — LpqUyp 2 Uy = 2—(—1%3) > Uy, = 5
_ azz—L3jUygp 3-(0. 5*3) - >
Ly = T, L3, = 5 =Ly = 10
Upz = Qp3 — (LaqUg3) D Upz = 4—(—1%1) D> uy3 =5
3
Usz = A33 — (L31uy3) — (LaalUp3) = Uzz = 8 — (0.5 % 1) — (5*)
=6
2 317 [L 0 02 3 1
_224=—1%0055
1 3 8 0.5 1o 1110 0 6
Since [A] [X] = [B] - [L][U][X] = [L][Y] = [B]
10
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1 0 O 1
~L 1 0= =11
QS '; 1 _6

3
=1 -yt y,=1-y, =2&0-5Y1+1_0 Yo +y3 =—6->y;=
-7.1

2 3 1
Then [U][X]=[Y]—-|0 5 5 ] [ ]
0 0 6 7.1

L bx;=—=71->x3= T 5x,+5x3=2- xz_ﬁ&

77

60
2x1+ 3x, +x3=1- x1=%—>[X]=[%
lﬂl

6

Exg/ use Crout's method to solve following equations

2x1 +x, +x3=4 ... R,
X1 +2x,+x3=2 ... R,
X1 +x,+2x3=-9 ... R;
Sol:

First using Doolittle's method

2 1 1 L11 1 ulz u13
1 2 1|=|Ly; Ly u23
1 1 2 Ly; Ls,

Li; =a, > L11=2’L21= Az = Ly =1,L31=a3; > L3 =1

Upp S Upp S U= 1 Upp =2 = Uy =, U3 = L_i: - U3 =3
L21— =Ly === Ly =1
Ly; == Ly —‘_’L31— 1
Ly, = asz_uL;lulz L3, = 1_(11*0'5) L3, ==
11
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LZZZM_’LZZ—
U1
Uys = a23—Ll;3;1u12_) 1
Lys = a33—l3ithia=lgalUaz | Ly = 2_(1*0-5)_(0-5%) Ly = 4
U33 1 3
2 0 0 11
2 3 1) [ 5 15 3
-2 2 4= 5 0 1 l
1 3 8 1 1 2 3
2 3110 0 1
Since [4] [X] = [B] = [L][U]IX] = [L][Y] = [B]
1 1 1 1
L3 2 Lo 2l 14
1 YIYI=I[Bl-|g 1 L||Yz|=] 2
3 31y -8
0 0 1 00 17’
1
"')’3——9;—>YZ+(§*—9)=2_’)’2=5
- 1 1 1
Inaddltlony1+5y2+5y3=—8—>y1+(—*5)+(5*—9)=—9
y1=_7.5
2 0 0
1 3 o X1 -7.5
Then [U][X] = [Y] - 2 X21=1 5
1 1 2)lxs -9
2 3
.'.2x1=—7.5—>x1=%S,x1+%x2=5—> x2=§&
—7:5
2
x1+%x2+§x3——9—> xlz%"g—>[X]: %
49
8
12
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